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Abstract. Let / : E m_1 — > M m be a totally geodesic immersion of a closed 
manifold £ in a complete Riemannian manifold M and g : N n — > M m an 
isometric immersion without focal points of a complete manifold N . If £ has 
finite fundamental group then N is compact with finite fundamental group 
and we have: 

(1) if m — n = 1 then £ and N have the same universal covering, and the 
homomorphism fl : 7Ti(£) — ¥ m(M) is a monomorphism for i = 1 and 
an isomorphism for i > 2; 

(2) if m — n > 2 then it holds that: 

(a) /(E)ng(JV) = 0; 

(b) M is noncompact with finite fundamental group; 

(c) the homomorphism i\ : 7Ti(/(£)) — > ni(M), induced by the inclu- 
sion i : /(£) — > M, is surjective for l<i<m — n — 1; 

(d) if m — n = 2 then fl : 7Ti(S) — > 7r;(M) is a monomorphism for 
i = 2 and an isomorphism for i > 3; 

(3) if m — n > 3 then the following statements hold: 

(a) the map /* : 7Ti(£) — > -Ki{M) is a monomorphism for i = 1, an 
isomorphism for 2<i<m — n — 2 and an epimorphism for 
i = m — n — 1; 

(b) if / is an embedding then : 7ri(£) — > 7ri(M) is surjective and 
this, together with Item |(a)j above, implies that / is (m — n — 1)~ 
connected. 

1. Introduction 

Unless otherwise stated, all manifolds in this paper will be assumed to be con- 
nected. After a generalization of a result of Hadamard about the intersection of 
geodesies in a convex surface, Frankel [PY] proved the following theorem. 

Theorem A. (Frankel ¥i\) Let M m be an m- dimensional closed Riemannian man- 
ifold of positive curvature, £ a closed manifold and f : T, — > M a totally geo- 
desic immersion with codimension at most m/2. Then the induced homomorphism 
fl : 7Ti(£) — ¥ iri(M) is surjective. 

There have been many generalizations of this theorem. Recently the relationship 
between the topology of totally geodesic submanifolds and the topology of ambient 
manifolds of positive curvature has been deepened in [Wij and [FMRj . 

The assumption of positive curvature is essential in the above results. In fact, 
given any manifold M and any embedded closed submanifold E, one can construct 
metrics on M such that £ is totally geodesic. Thus the only existence of a totally 
geodesic hypersurface does not imply any topological restriction. Our idea here is 
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to replace the curvature hypothesis by the additional assumption of the existence of 
a complete isometric immersion g : N — > M without focal points. Some examples 
in this introduction will illustrate this situation. 

The work of Hermann ([He]) and its generalization by Bolton ([Bo]) show that 
the only existence of a complete isometric immersion g : N — > M without focal 
points strongly relates the topologies of M and N (see Theorem B and Corollary 
ll.ll below). Our expectation when we began this work was that the union of the two 
hypotheses (existence of a totally geodesic hypersurface and a submanifold without 
focal points) should also restrict the relation between the topologies of M and E. 
In fact we obtain strong topological restrictions and even the compactness of N. 

Let M and N be Riemannian manifolds and g : N —> M an immersion. We will 
denote by Af g the normal bundle of g. We recall the result of Bolton, which extends 
the work of Hermann ( [He] ) : 

Theorem B. (Bolton \Qo\) Let M and N be complete Riemannian manifolds and 
g : N — )• M an isometric immersion without focal points. Then the normal expo- 
nential map exp^ : Af g — > M is a covering map. 

Remark 1.1. As a direct consequence of Theorem B it follows that if M is simply- 
connected then exp^ : Af g — > AI is a diffcomorphism, which implies that: (a) g is 
an embedding, since it is the restriction of exp- 1 to the submanifold N x {0} C Af g ; 
(b) N is simply-connected, since it has the same homotopy type of Af g . 

For the seek of comparison with our results, we will enunciate the following 
consequence of Bolton's Theorem together with the fact that g = exp- 1 oj, where 
j : N -)• Af g is given by j(x) = (x, 0). 

Corollary 1.1. Under the hypothesis of Bolton's Theorem the homomorphism gl : 
TTi(N) — > TTi(M) is an isomorphism for i > 2 and a monomorphism for i = 1. 

Now we recall some topological definitions. Consider path-connected topological 
sets A, B, C with B C C and continuous maps a : A — > B, i : B — > C and 
j3 : A — > C where l is the inclusion map and f3 = I o a. It is said that a is fc- 
connected if a\ : Tii(A) — )• iTi(B) is an isomorphism for 1 < i < k — 1 and an 
epimorphism for i — k. We say that the pair (C, B) is fc-connected if the inclusion 
i is /c-connected, and it is well known that this is equivalent to the fact that the 
homotopy groups iti (C, B) = for 1 < i < k. If a is a homeomorphism both notions 
are clearly equivalent. However, without this hypothesis, the fc-connectedness of f3 
is not equivalent to the fc-connectedness of the pair (C, a(A)), even if a(A) = B. 
For example, consider the inclusion of a 2-torus l : T — > R 3 , and consider the 
universal covering a : R 2 — > T. Another example is to consider the universal 
covering a : S n — > M.P n of the rt-dimensional real projective space and the identity 
map l : M.P n — > M.P n . We say that C is fc-connected if the pair (C, p) is fc-connected 
for some p 6 C. 

Our first result is the following. 

Theorem 1.1. Let f : S™ 1 ^ 1 —> M m be a totally geodesic immersion of a closed 
manifold S in a complete Riemannian manifold M and g : N n — > M m be an 
isometric immersion without focal points of a complete manifold N. //E has finite 
fundamental group then N is compact with finite fundamental group and we have: 
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(1) if m — n = 1 then £ and N have the same universal covering, and the 
homomorphism /* : 7Ti(£) — > TTi(M) is a monomorphism for i = 1 and an 
isomorphism for i > 2; 

(2) if m — n > 2 then it holds that: 

(a) /(E) n g(N) = 0; 

(b) M is noncompact with finite fundamental group; 

(c) the homomorphism : 7r;(/(£)) — > Wi(M), induced by the inclusion 
l : /(E) — > M , is surjective for 1 < i < m — n — 1; 

(d) if m — n = 2 then f\ : 7Ti(E) — > TTi(M) is a monomorphism for i = 2 
and an isomorphism for i > 3; 

(3) if m — n > 3 then the following statements hold: 

(a) the map /* : 7Tj(E) — > iTi(M) is a monomorphism for i = 1, an isomor- 
phism for 2 < i < m — n — 2 and an epimorphism for i = m — n — 1; 

(b) if f is an embedding then /* : 7Ti(E) — > iri(M) is surjective and this, 
together with Item (a) above, implies that f is (m — n — l)-connected. 

Remark 1.2. In several points Theorem 11.11 may not be improved: 

(i) Example 11.21 below shows that the fmiteness of 7Ti(E) is an essential as- 
sumption; 

(ii) for the case m — n = 1, Example 11.11 below shows that /(E) may intersect 
g(N) and M may be compact with infinite fundamental group (compare 
with Item [(2)j ) ; moreover, fl may be non-surjective even when / is an 
embedding (compare with Item (3)||(b) ); 

(iii) for the case m — n — 2, Example 11.31 will show that the map fl could be 
non-injective or non-surjective, and that fl could be non-surjective; 

(iv) for the case m — n > 3, Example 11.41 will show that /™ l_,l_1 may be non- 
injective (compare with Item (3)|(a) I; Example 11.51 will show that /* may 
be non-surjective, and it also shows that the embeddedness of / is essential 
in Item [(37f(b) 



We think it is interesting to consider the following question. 



Question 1.1. Assume the hypotheses of Theorem li.il with m — n > 2. Is that 
true that g : N M is a homotopy equivalence? 

By Corollarv ll.il this question is equivalent to ask if gl : wi(N) —t tt\{M) is an 
epimorphism. We notice that in the proof of Theorem 1.1 in [MM] this question 
was answered positively in the very particular case that N is a point. Example ll.il 
below shows that the answer would be negative if we take m—n — 1. We recall that 
a topological space X is called aspherical if Hi(X) = for i > 2. It is well known 
that if X is an aspherical manifold then its universal covering is homeomorphic to 
R" with n > 0. Thus the following corollary is a consequence of Theorem ll.il 

Corollary 1.2. The answer to Question 1.1 is positive if N is aspherical or i//(E) 
is simply- connected. 

The next examples were cited in Remark 11.21 

Example 1.1. Consider the Riemannian product M — N' x S 1 where N' is a 
closed manifold with finite fundamental group and S 1 is a round circle. Note that 
E = N' x {q} has finite fundamental group. Take N — E and let / = g : N — > M 
be the inclusion map. The embedding g is free of focal points and / is totally 
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geodesic. Thus Theorem 11.11 applies for m — n = 1. Note that /* is not surjective, 
/(£) fl g{N) and M is compact with infinite fundamental group. 

Example 1.2. Consider M — N' x T k where N' is a closed manifold with infinite 
fundamental group and T k is a fc-dimensional flat torus with k > 2. Let / : E = 
jyv x yfe-i x ^ -(.j^g mc i us i on ma p. Notice that / is a totally geodesic 

embedding. Choosep G T x . Let g : N = N' x{(p 7 q)} — > M be the inclusion map. 
The embedding g is free of focal points with codimension k > 2. Note that 7Ti(E) 
is infinite, hence Theorem 11.11 does not apply. In fact, several conclusions in this 
theorem fail: N has infinite fundamental group; f(T<)P\g(N) ^ 0; M is compact with 
infinite fundamental group; / is an embedding and /* is not surjective (compare 
with Items [(2)][(c)1 and p)ftb")1 of Theorem [TT]) . 



Example 1.3. Let p : M m — s- TV™ be a vector bundle over a manifold N and fix 
a smooth fiber metric x G N t— > ( , ) where ( , ) x is an inner product on the fiber 
V x . Let S x C V x be the unit sphere centered at the origin and set S± = U X £nS x . 
Let g : N — > g(N) = Nq C M be the null section. Proposition 14.11 will show 
that there exists a Riemannian metric u on M such that 5i is a totally geodesic 
hypersurface of M and <? is free of focal points. It holds also that exp- 1 : Af g —> M 
is a diffeomorphism. If further N is compact then M is complete. This example 
may be used to see that some conclusions in Theorem 11.11 may not be improved 



(see Remark 11.21 fiii) ). In fact, we first consider the particular case that M is the 
tangent bundle M — TS 2 equipped with the metric lu and £ = 5i = T\S 2 = 
{(p, v) G TS 2 | \v\ = 1}. Let /:£—>• M be the totally geodesic inclusion map 
and g : N — )• N — N x {0} C TS 2 the free of focal points null section. It is 
well known that E is diffcomorphic to SO3. We have that 7Ti(E) = tti(SOs) = Z2 
and tti(M) = iii{TS 2 ) = 0. Furthermore, it holds that tt 2 (E) = 7r 2 (50 3 ) = and 
iT2(TS 2 ) = Z. Thus we conclude that fl is not injective and f 2 is not surjective. 
Now we consider the case that (M, uj) = (T(KP 2 ),w) and 5i = Ti(MP 2 ) = {(p, v) G 
T(RP 2 ) I |u| = 1}. Let / : E = SU 2 = S 3 -)• 5i C M be the universal covering 
with the induced metric and g : RP 2 — > RP 2 x {0} C M the natural embedding. 
Since tti(E) = and ni(M) = tti(T(RP 2 )) = Z 2 , the map fl is not surjective. 

The following example is a typical situation where Theorem 1 1 . 1 1 holds and it will 
be used in Example 11.51 



Example 1.4. Define M = R m , with m > 2, endowed with the metric ds 2 — 
dr 2 + a 2 (r)d0 2 where d0 2 is the standard metric on the unit sphere S m ~ 1 and 
a : [0, 00) — > [0, 00) is a smooth function satisfying tr(r) > for all r > 0, cr(0) = 0, 
<t'(0) = 1 and cr'(l) = 0. We know that M is complete, the origin O is a pole (in 
particular, N = {0} is free of focal points) and the sphere E = g" 1-1 is totally 
geodesic. Notice that 7r m _i(E) = Z and 7r m _i(Af) = 0. Thus is not injective 



(see Remark 11.21 (iv) ) 



Example 1.5. Take B = (R k ,ds 2 ), with k > 3, and ds 2 = dr 2 + o 2 (r)d6 2 being 
the metric introduced in Example 11.41 Let S — S k ~ 1 C B be the totally geodesic 
unit sphere and N' any Riemannian manifold. Consider a warped product M = 
B x p N' and assume that the gradient (Vp)\s is tangent to iS (for example, take 
p(x) — o-(|a;| 2 )). The manifold M is complete if N' is complete (see |Q'Nj ). Let 
g : N — > {0} x N' and / : E S x N' be any covering maps. Proposition ^. 2l below 
will show that g : N — > M is free of focal points and / : E — > M is totally geodesic. 
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If further TV is compact with finite fundamental group, then Theorem 1 1 . 1 1 applies . 
Now take N = N' = RP n and E = S x S n with n > 2. Let P : S n -> MP n be the 
standard covering. Define the covering maps / : S 4 5 x N' given by f(x,y) = 
(x, P{y)) and g : N {0} x N' given by g(z) — (0, z). The immersion / : E — ► M 
is not an embedding. The facts 7ri(E) = {0} and m(M) — m(RP n ) — Z2 imply 



that fl is not surjective (see Remark ll.2l (iv) I 



Let S be an embedded submanifold of a Riemannian manifold M. Let Ms be 
the normal bundle of S. We recall that an open subset W C M is an e-tubular 
neighborhood of S if W = cxp ± (VF), where W — {(x,v) e A/"s | |u| < e} and the 
restriction exp 1 - |^ is a diffeomorphism. Similarly we could define a closed e-tubular 
neighborhood. More generally we could define: 

Definition 1.1. Let V be a subset of M that contains S. We say that V is a 
tubular neighborhood of S if V = exp (V), where exp^ |f? is a diffeomorphism and 
V is a (possibly with boundary) submanifold of As with maximal dimension and 
with the following property: if (p, v) € V then (p, tv) £ V for all t e [0, 1]. 

Comparing with Theorem 11.11 the next result consider the assumption that M 
is simply-connected instead the assumption that S has finite fundamental group. 
By Remark 1 1.11 the simply-connectedness of M implies that N is simply-connected 
and g is an embedding. 

Theorem 1.2. Let f : S m_1 — > M ra be a totally geodesic immersion of a closed 
manifold S in a complete simply- connected Riemannian manifold M and g : N" — > 
M m a complete isometric embedding without focal points. Then N is compact and 
the following conclusions hold: 

(1) if m — n = 1 then £ is diffeomorphic to N , and f is an embedding and a 
homotopy equivalence; 

(2) if m — n > 2 then S covers the unit normal bundle J\fg of g and /(S) Pi 
g(N) — 0; if m — n = 2 then 7Ti(E) is cyclic, and fl : 7Tj(E) — > ni(M) is a 
monomorphism for i = 2 and an isomorphism for i > 3; 

(3) if m — n > 3 then the following statements hold: 

(a) f is an (m — n — 1)- connected embedding; 

(b) E is simply- connected and diffeomorphic to A/r; 

(c) M — /(E) = A U B (disjoint union) where the closure A is a compact 
tubular neighborhood of g(N) with smooth boundary /(E), and B is an 
unbounded smooth manifold with boundary /(E). 



Remark 1.3. Theorem 11.21 shows that if m — n ^ 2 then / is an embedding and 
E is simply-connected. However, in the case m — n = 2 both conditions may fail. 
In fact, if we consider in Example 11.31 the special case that E = SU2 — S 3 and / : 
E — > E' = Tjl S 2 is the universal covering, we see that the map / : E M = TS 2 
is not an embedding. Still in Example 11.31 the case that E = £' = TjlS 2 we see 
that E is not simply-connected, showing that the simply-connectedness of / may 
not occur in codimension two. 

For the next result we need the following definition. 

Definition 1.2. Let S and X be contained in a Riemannian manifold M, where 
S is an embedded submanifold. We say that X is a normal graph over S if there 
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exists a homeomorphism h : S — > X such that for any point x £ S there exists a 
unique normal geodesic which starts at x orthogonally to S and ends at h(x). 

Comparing with Theorem II .2\ the next result replaces the assumption that X is 
compact by the condition that £ is properly embedded in M with g(N) n S = 0. 
No additional codimension conditions are needed. 

Theorem 1.3. Let £ be a properly embedded totally geodesic hyper surface in a 
complete simply- connected manifold M . Let g : N — > M be a complete isometric 
embedding without focal points with g(N) PI S = 0. Then we have: 

(1) for any e > 0, the hypersurface X is a normal graph over an open subset of 
the boundary of the closed e-tubular neighborhood of g(N); 

(2) M — X = A U B (disjoint union), where the closure A is a (possibly un- 
bounded) tubular neighborhood of g(N) with smooth boundary £ and B is 
an unbounded smooth manifold with boundary £; 

(3) for each point x £ B, the unique normal geodesic which starts orthogonally 
at g(N) and ends at x intersects £ transversely at a unique point. 

Theorem B shows that the hypothesis that exp 1 - : Af g — > M is a covering map is 
weaker than the assumption that M and N are complete with g free of focal points. 
The next result presents a situation where this two assumptions are equivalent. 

Theorem 1.4. Let f : £' m ~ 1 — y M m be a totally geodesic immersion of a closed 
manifold £ in a Riemannian manifold M . Let g : N n — > M m be an immersion. 
Assume that one of the following conditions holds: 

(i) exp- 1 : Afg — > M is a diffeomorphism; 

(ii) exp 1 - : Afg — > M is a covering map and £ has finite fundamental group. 



Then M is complete and N is compact, hence Theorem ] 1. 1\ avvlies if Item (ii) 



satisfied. If Item (i) holds we have that: 

(1) if m — n = 1 then £ covers N, the map /* : 7Ti(£) — > ni(AI) is a monomor- 
phism for i = 1 and an isomorphism for i > 2; 

(2) if m — n > 2 then £ covers the unit normal bundle of g, /(£) D g(N) = 
and it holds that: 

(a) if f is an embedding then f is (m — n — \)-connected and M — /(£) = 
AUB (disjoint union) where the closure A is a compact tubular neigh- 
borhood of g(N) with boundary /(£), and B is an unbounded manifold 
with boundary /(£); 

(b) if m — n — 2 then f\ : 7Ti(£) — > m(M) is a monomorphism for i = 2 
and an isomorphism for i > 3; 

(3) if m — n > 3 then f\ : 7Ti(£) — > TTi(M) is a monomorphism for i — 1, an 
isomorphism for 2<i<m — n — 2 and an epimorphism for i = m — n — 1 . 



The following example illustrates Theorem [L4] (1) 

Example 1.6. We consider the complete flat Moebius strip 

M = ([-1,1] xR)/~, where (-1,*) - for all t £ 

Denote by a £ M the class of a. Take 

£ = j(.T,f) £ M \ x £ [-1,1], t = 1 or t = -lj 
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and N = Ux, 0) 6 M \ x € [-1, 1] j and let /:£->• M and 3 : N -)• M be the 

inclusion maps. It is easy to see that / is totally geodesic and that exp^ : J\f g — > M 
is a diffcomorphism. 

One of the conclusions of Theorem 11.11 is that M and N have finite fundamen- 
tal groups. Thus one could ask if this conclusion should also be obtained from 



Condition (i) of Theorem II .41 The next example shows that this is not the case. 

Example 1.7. Let N' be a closed Riemannian manifold with infinite fundamental 
group and M the Riemannian product M = N' x V, where V = (R k ,ds 2 ), where 
ds 2 is the metric introduced in Example 11.41 Let S = S k ~ 1 C V be the totally 
geodesic sphere. Let g : N = N' x {0} ->■ M and / :S=JV'x5^Mbe the 
inclusion maps. We see that / is totally geodesic and g is free of focal points, hence 
Theorem 1 1 . 41 applies . It holds that M and ./V have infinite fundamental groups. 

Theorem 11.41 suggests that Theorems 11.11 11.21 and 11.31 could be rewritten in 
technical more general versions (see Theorems 12.11 13.21 and 13.31 where we also 
generalize the totally geodesic condition). 

The rest of this paper is organized as follows. In section 2 we prove Theorem 
11.31 and in section 3 we prove Theorems 11.11 11.21 and 11.41 In section 4 we present 
proofs for facts present in some examples in the introduction. 

Remark 1.4. Since this paper uses Proposition 4.1 in MZ , the first author would 
like to use this occasion to inform that it cames to his knowledge that Theorem A 
in |MZ] is implied by a more general result present in the doctor thesis of Florencio 
F. Guimaraes. 

Aknowledgement. The authors would like to thank Professor Detang Zhou 
for useful discussions during the preparation of this paper. 

2. Proof of Theorem [TT3l 

Theorem 11.31 follows from Theorem B and the next technical general theorem 
(compare with Theorem 1.2 in [MM]): 

Theorem 2.1. Let E be a properly embedded hypersurface in a Riemannian man- 
ifold M. Let g : N — > M be an embedding such that exp^ : Af g — >• M is a diffeo- 
morphism. Assume that g{N) f~l X = and that the normal geodesies tangent to £ 
do not intersect g(N) orthogonally. Then we have: 

(1) given e > 0, the hypersurface X is a normal graph over an open subset of 
the boundary of the closed e-tubular neighborhood of g{N); 

(2) M — Y, = AlJ B (disjoint union), where A is a (possibly unbounded) tubu- 
lar neighborhood of g(N) with smooth boundary E and B is an unbounded 
smooth manifold with boundary S; 

(3) for each point x £ B the unique normal geodesic ^ x : [0,+oc) — > M which 
starts orthogonally at g(N) and passes through x intersects S transversely 
at a unique point. 

It is a little surprising that the hypotheses of completeness of M and N are not 
needed in Theorem 12.11 What compensates this weakness is the fact that for each 
point x in M — g(N) there exist suitable neighborhoods W of x with the property 
that 7j / ([0, +00)) C W, for all y G W. Thus we can use local arguments to explore 
the fact that E is properly embedded. 
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The two simple examples bellow illustrate this theorem. 
Example 2.1. Consider the surface S C M 3 of equation z = -yk. Notice that E 

x -\-y 

is properly embedded in M = {(x, y, z) G M 3 | z > 0}. Let g : N = {(0, 0, z) e I 3 | 
z > 0} — » M be the inclusion map. Notice that exp^ : J\f g — > M is a diffeomorphism 
and the normal geodesies tangent to E do not intersect N orthogonally. Thus 
Theorem 12. II applies although M and N are not complete. 

Example 2.2. Consider the surface E C i 3 of equation z = , _ \_ 5 , with x 2 + 

i x y 

y 2 < 1. The surface E is properly embedded in A/ = K 3 . Let N be the xy-plane 
and <? : JV — >■ M the inclusion map. Theorem 12.11 applies. Notice that 

P. = < (a;, y, z) £ R 3 I a; 2 + y 2 < 1 and z > ' 



1 — x — y 

and that the complement A = W 3 — B is a tubular neighborhood of N in the sense 
of Definition 11.11 



Before proving Theorem 12. II we would like to present some notations and a very 
simple result that will be used here and in other places in this paper. Let g : N n — > 
M m be an immersion such that exp 1 - : N g — > M is a diffeomorphism. Then g is an 
embedding and the natural projection p : M — s> g(N) given by p(exp- L (q, v)) = g{q) 
is a fiber bundle. From the fact that exp- 1 is a diffeomorphism it follows easily 
that p is a homotopy equivalence between M and g(N). Furthermore, for each 
point x E M — g{N) there exists a unique normal geodesic j x : [0, +oo) — > M 
containing x which intersects g(N) orthogonally at t = satisfying ~{ x (d x ) = x 
for some d x > 0. We should notice that we don't know here if d x is the distance 
d(x,g(N)) (remember that we are not assuming that M and N are complete). Fix 
e > and let S e be the boundary of the e-tubular neighborhood of g(N). Let 
j : S e — > M be the inclusion map. 

Lemma 2.1. Let g : N n — > M m be an embedding such that exp^ : N g — > M is a 
diffeomorphism. Assume notations above. Let / : E m_1 — > M rn be an immersion 
such that the normal geodesies tangent to /(E) do not intersect g{N) orthogonally. 
Then we have: 

(a) The map £ : M — > M given by £(x) = d x is continuous on M and smooth 
on M - g{N); 

(b) If /(E) n g{N) = then the map F : E -> S e given by F(p) = 7/( p )(e) is a 
local diffeomorphism and / is homotopic to (j o F) ; 

(c) If m — n = 1 then the map G : E — > g(iV) given by G = p o / is a local 
diffeomorphism. 



Proof. We first prove Item (a) For a; 6 M, we write (p, w) = (exp J ~) _1 (x) and 
define P : x n> w. Since (i^ |P(x)|, we conclude that the map £ is continuous on 
M and smooth on M - g(N). 

To prove Item [(b)] define the vector field X on M—g(N) given by X(x) = y x (d x ). 
Fix a small open subset U C E such that /|j/ : {/ -> M is an embedding. The 
orbits of X are orthogonal to S e and, by hypothesis, transversal to f(U). Thus, 
reducing U if necessary, it is not difficult to see that the flow of X gives a standard 
diffeomorphism ip : f(U) — > V where V is a small open subset of S e - Note that 
F\u = ip ° f\u, hence F\u : U — > V is a diffeomorphism, hence F is a local 
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diffcomorphism. The map H : [0, 1] x E — > M given by 

H(t, x) = 7 /(a .) ((1 - t)e + td f(x) ) 
provides a homotopy between / and j o F. 



To prove Item (c) notice that p : M — > g(iV) given by p(exp- L (g, w)) = g(q) 
is a fiber bundle over g(N) such that, given z G M, the fiber containing z is the 
image of a geodesic /3 2 : R — > M which intersects g(N) orthogonally and satisfies 
/3z(0) = z. If further there exists i£E such that z = f{x), we know by hypothesis 
that /3^(0) ^ df x {T x T), hence / is transversal to (3 Z . Thus the map G : E -> g(iV) 
given by G(x) = po f{x) is a submersion, hence a local diffeomorphism. □ 

Proof of Theorem \2.1\ Since exp^ : A/" 9 — > M is a diffeomorphism and Eng(-/V) = 0, 
Lemma \2 . 1 1 implies that the map F : E — ► S e given by F(p) = J p (e) is a local dif- 
feomorphism onto its open image -F(E) C S e . To prove that i* 1 is a diffeomorphism 
it is sufficient to show that F is injective. In order to show this fact we define the 
set 

C = {p 6 E | the cardinality #(7p([0, d p }) n E) = 1 } . 
We just need to prove that C = E. 

Claim 2.1. C ^ 0. 

In fact we take p G E. Since E is properly embedded it follows that 7 P ([0, d p ]) flE 
is a compact set. By using the facts that 7 p intersects E transversely and that E 
is properly embedded, we obtain that 7 P ([0, d p ]) n E is a discrete set, and thus it is 
finite. Thus we write 

7p([0,d P ])nE = {7,(ti),...,7 J ,(t fc )} 

with ti < . . . < tk = d p . Notice that t\ > since E n g(N) = 0. Set p a = 7 P (ii). 
Since 7?>il[o,<J pl ] = 7p|[o,ti]' we have that #(E n 7 Pl ([0, d Pl ])) = 1, hence pi e C, 
which concludes the proof of this Claim. 

Claim 2.2. E — C is open as a subset ofTi. 

To prove this take x\ 6 E — C. So there exists xi S E with a;2 ^ £i and 
a?2 = 7c j (t) for some < i < In particular F(a;i) = F{x<i) = 7 Kl (e). Since 
_F is a local diffeomorphism, there exist disjoint neighborhoods of x\ and x 2 in E 
mapped by F onto the same neighborhood of 7xi(e) in S e . Thus we conclude that 
E — C is open in E. 

Claim 2.3. E — C is closed as a subset of E. 

In fact take a sequence x k — > x G E with G E — C. By Lemma 12.11 we have 
that d Xk — > d x . Since 7 y (0) = p(y), where p : M —> g(N) given by p(exp ± (q, v)) = 
g{q) is the natural projection, we have by continuity of p that 7x fc (0) — > 7z(0). 
Since E is properly embedded there exists an open neighborhood U of x in M 
such that the intersection E n U is a topological disk and the restriction F\jjn's 
is a diffeomorphism onto its open image. By passing to a subsequence we may 
assume that j' Xk (0) -> v. Since x k = 7a*(<W) = ex P X (lx k (0), d Xk i Xk (0)) , by 
taking limits we obtain that x — exp -1 - (7^,(0), d x v^j. By the other hand we have 
that x = j x (d x ) = exp- L (7 a: (0),(i a: 7^.(0)), thus the injectivity of exp- 1 implies that 
v = 7^(0)- Since -y Xk (0) ->• 7 X (0) and 7^(0) -> 7^.(0) we obtain that <y Xk -> 7^ 
uniformly on compact sets. Since x k C there exists a point g/fe 7^ a;fc with ^ e S 
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and yk — J Xh (tk) with < tk < d Xk . The sequence (tk) is bounded since (d Xk ) 
converges. Again by passing to a subsequence we can suppose that tk converges to 
some to G [0,(4;], hence yk = ^x k (tk) xq — Jx(to), which belongs to E because 
E is properly embedded. For large k the point Xk G U. Since -F|i7n£ is injective 
and F(xk) = F{Vk) we have that yk $ U for large k, hence xq = j x (to) 7^ x. Thus 
to < d x , hence x G E — C. This concludes the proof of Claim l2~3l 

By the connectedness of E we conclude that C = E which proves the following 

Claim 2.4. F : E — > F(E) is a diffeomorphism. 

From Claim l2T4"l we have that E is a normal graph over the open subset F(E) C 5 e 
(see Definition II .2p . This proves Item (TTJ in Theorem 12. II 

Now we will prove that E is the boundary of a tubular neighborhood of g(N). 
Define the set 

A={xEM\ ~f x ([0, d x ]) n E = 0} . 

Claim 2.5. A is an open subset of M . 

In fact it suffices to prove that M — A is closed. Consider a sequence Xk G M — A 
such that Xk — > x. Thus for each k there exists yk G 7x fc ([0, <i x J) 17 E and we write 
Uk = lx k (tk), with < tk < d Xk . As in the proof of Claim [2~3l we obtain by passing 
to a subsequence that tk — > to G [0,^], hence yk — Jx k (tk) -> y = ~f x (to)- Since 
E is properly embedded we have that y G E, hence y G 7a;([0, dj,]) PI E. Thus we 
conclude that x G M — A, hence M — A is closed. 

Claim 2.6. A- A = E. 

In fact, since C = E, given any p G E we have that 7p([0, d p ]) — {p} G A. Thus 
ScA Clearly E n A = hence Sci-A Now take p e A - A and assume by 
contradiction that p £ E. Since p^Awe have 7 P ([0, d p ]) (7 E ^ 0. Since the map 
F is injective we obtain that #(7 P ([0, cf p ]) D E) < 1, hence 7 P ([0,d p ]) intersects E 
transversely at a unique point q G E. Thus it holds that 7 9 ([0, +oo)) = 7 P ([0, +oo)) 
and d q < d p . Let U be a small neighborhood of q in E. For a small < 6 < d p — d q 
consider the set 

W = {lx(t) | x G U and d p - 6 < t < d p + 8}. 

Notice that p = j q (d p ), hence p G W. Since exp- 1 is a diffeomorphism the set 
W is an open neighborhood of p. By taking U sufficiently small and using that 
d q < d p — 5, we obtain by continuity that d x < d p — 5 for all x G U. Now take y G W. 
Then there exists x € U and dp — 5 < t < d p + 5 such that y = J x (t) = 7x(dy). 
Since d x < d p — <5 < t = <i y we have that x G 7 a ([0, 17 E, hence y £ A. Thus we 
have that W C Al — A which contradicts the fact that p G A. This concludes the 
proof of Claim 12.61 

Let us prove that A is a manifold with smooth boundary E. Take a point p G E. 
For a small neighborhood V of p in E and small e > 0, consider the set 

n = {7x(i) | x G d x - e < t < d x ) . 

By Lemma \2. II we have that d x depends smoothly on x on M — g(N). Since exp- 1 
is a diffeomorphism we conclude that fl is a parameterized neighborhood of p in A 
Furthermore we have 

H = {7x0) I z G 7; d x -e<t < d x }u{j x (t) \x eV; t = d x ) = (^nfi)U(Enfi). 
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Thus A is a smooth manifold with boundary E. We have proved that 7x([0, d x ]) C A 
for all x S A and 7x([0, d x \) C A for all x € A. Thus we conclude that A and A are 
tubular neighborhoods of g(N). 

To see that E disconnects M consider B = M — A. Thus we have M — A U B = 
iUSUB, where the unions are disjoint. In particular we have M — Y, = A\J B. 
Fix p £ B. Since p ^ A we conclude by the proof of Claim l2~6l that 7 P intersects E 
transversely at a unique point. Thus we have that 

B = {pGM\ #(7 P ([0,dp]) n E) = 1} = { 7x (t) | x g E and i > <4} , 

which proves that -B is a connected non-compact manifold with boundary E. Items 
@ and ([3]) in Theorem 12.11 are proved. □ 

3. Proof of Theorems Ell EH] and [Jj4] 

To prove Theorems 11.11 11.21 and 11.41 we first need to show the following simple 
lemmas. 

Lemma 3.1. Let / : E — > M be a totally geodesic immersion of a closed manifold 
E in a Riemannian manifold M and g : N — > M an immersion. Assume that cither 

(a) exp^ : Af g — > M is a diffeomorphism; or 

(b) exp -1 - : Afg — > M is a covering map and E has finite fundamental group. 
Then the normal geodesies of M tangent to /(E) do not intersect g{N) orthogonally. 

Proof. First, we will assume that (a) is satisfied. Assume by contradiction that 
there exists a normal geodesic 7 : [0, +00) — >• M that starts orthogonally to g{N) 
and is tangent to /(E). Since / is totally geodesic we conclude that 7([0, +00)) C 
/(E), hence 7 is bounded, since E is compact. We write 7(i) = exp A -(q,tv), t > 0, 
for some (q, v) € N g with \v\ = 1. Since exp^ is a diffeomorphism we have that 7 
is unbounded, which gives us a contradiction. 

Now we assume (b). Consider on M g the metric induced by exp^ = exp^- and 
define g : N — > Af g given by g(x) — (x, 0). Let v : E — s> E be the universal covering 
of E with the induced metric. By the Fundamental Lifting Theorem, / admits a 
lifting / : E — > Af g such that the diagram below is commutative. 

(1) E 
E 

Since E is compact with finite fundamental group it follows that E is compact. 
Note that / is totally geodesic. Any normal geodesic 7 on M starting orthogo- 
nally from g(N) is lifted by exp^- to a curve 7 = *f( q , v ) '■ [0, +00) — > JV g given by 
= (<Zi t v )i f° r some (q, v) G M g with \v\ = 1. Since we are considering on M g the 
metric induced by exp^, we have that the curves 7( gil ,) are the normal geodesies 
of Af g that start orthogonally from g{N) = N x {0}, hence expJ- : Af g — > Af g is a 
diffeomorphism. Thus we may use Item (a) to conclude that the normal geodesies 
tangent to /(E) do not intersect g(N) orthogonally. Since exp^ - is a local isome- 
try we conclude that the normal geodesies tangent to /(E) do not intersect g(N) 
orthogonally. □ 
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Lemma 3.2. Let / : E — >■ M and g : N — >■ M be immersions in a Riemannian 
manifold M with dimension dim(E) > dim(iV). Assume that the normal geodesies 
of M tangent to /(E) do not intersect g(N) orthogonally. Then /(E) n g(N) = 0. 

Proof. Assume by contradiction that /(E) fl g(N) ^ 0. Then there exist p 6 E and 
q e N with f(p) = g(q). Set 

V=(dg q (T q N)) ± n(df p (T p X)), 

where df p denotes the derivative of / at p and T p E the tangent space. Then we 
have: 

dim(V) > dim(dg q (T q N)) ± + dim(d/ p (r p E)) - dim(M) 
= (dim(M) - dim(JV)) + dim(E) - dim(M) > 1. 

Thus we can take w g V with \w\ = 1. Consider the geodesic 7 : R — )• M satisfying 
7(0) = 17(g) and 7'(0) = to. Thus 7 is a geodesic tangent to /(E) and orthogonal 
to g(N), which is a contradiction. □ 

From Lemmas 13.11 and 13.21 we obtain the following 

Corollary 3.1. Let f : E — > M be a totally geodesic immersion of a closed manifold 
E in a Riemannian manifold M and g : N — > M an immersion with dimension 
dim(E) > dim(A r ). Assume that either 

(a) exp^ : Af g — > M is a diffeomorphism; or 

(b) exp^ : Afg — > M is a covering map and E has finite fundamental group. 
Then /(E) n g{N) = 0. 

Remark 3.1. Examplc l 1 . 1 1 shows that the conclusion of Corollar y |3 . 1 1 fails if dim(E) = 
dim(iV). 

The next result will be important to prove Theorem 11.11 11.21 and 11.41 

Theorem 3.1. Let f : S m_1 — > M m be an immersion of a closed manifold E in a 
Riemannian manifold M . Let g : N — >• M be an embedding such that exp^ : Af g — > 
M is a diffeomorphism. Assume that the normal geodesies of M tangent to /(E) 
do not intersect g(N) orthogonally. Then M is complete, N is compact and the 
following conditions hold: 

(1) ifm — n=l then E covers N, the map fl : 7Tj(£) — > ni(M) is a monomor- 
phism for i — 1 and an isomorphism for i > 2; 

(2) if m — n > 2 then E covers the unit normal bundle Afg , /(E) n g(N) = 
and we have: 

(a) if f is an embedding then f is (m — n— \)-connected and M — /(E) = 
AlJB (disjoint union) where the closure A is a compact tubular neigh- 
borhood of g(N) with boundary /(E), and B is an unbounded manifold 
with boundary /(E); 

(b) if m — n = 2 then fl : 7Tj(E) — > ir^M) is a monomorphism for i = 2 
and an isomorphism for i > 3; 

(3) if m — n > 3 then fl : 7Tj(£) — > TTi(M) is a monomorphism for i — \, an 
isomorphism for 2 < i < m — n — 2 and an epimorphism for i = m — n — 1 . 

To prove Theorem l3.1l we will need to use the following result which follows from 
the proof of Proposition 4.1 in [MZj : 
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Proposition 3.1. Let M be a Riemannian manifold and g : N —> M an immer- 
sion. Assume that for any point p £ M there exists q 6 N such that the distance 
d(p,g(N)) = d(p,g(q)). Assume further that exp^ is defined on all JV g . Then M 
is complete. 

Corollary 3.2. Let g : N — » M be an embedding such that exp^ : M g — > M is a 
diffeomorphism. If N is compact then M is complete. 



Proof of Theorem \3.1\ We first prove that M is complete and N is compact. By 
Corollary 13.21 it suffices to prove that N is compact. We first consider the case 



m — n = 1. By Lemma |2~T1 (c) the map G : E — > g(N), given by G = p o / where 
p : M — > g(N) is the natural projection, is a local diffeomorphism. By compactness 
of S and connectedness of g(N) we have that G(E) = g(N), hence N is compact 
since g is an embedding. Now we consider the case that m — n > 2. By Lemma 



we obtain that /(E) n g(N) = 0. Thus by Lemma [2~T1[(b)1 the map F : E -4 S c 
given by F(p) = 7/( P )(e) is a local diffeomorphism. From the connectedness of 5 e 
and the compactness of E we conclude that F(E) — S e . This implies that N is 
compact since S e = F(E) is a compact bundle over N. 



To prove Item (1) we assume that m — n = 1. We obtain that G = p o f : S — >• 
g(N) is a covering map from the following facts: the map G is a local diffeomor- 
phism; the manifold E is compact; TV is connected. Since g is an embedding we 
conclude that E covers N. We know that p is a homotopy equivalence between M 
and g(N), hence p\ : Wi(M) — > iTi(g(N)) is an isomorphism for all i. The fact that 
G is a covering map implies that G\ : 7T^(E) — > iTi(g(N)) is a monomorphism for 
i = 1 and an isomorphism for i > 2. From the equality G\ = p\ o we conclude 
that /* : 7Tj(E) — > TTi(M) is a monomorphism for i = 1 and an isomorphism for 



i > 2. We concluded the proof of Item (1 



From now on we assume that m — n > 2. We already saw that F : E — > S e is a 
local diffeomorphism onto 5*,; , which is diffeomorphic to Afg . From the compactness 
of E and the connectedness of S e it follows that F is a covering map. We conclude 
that E covers TV*. From Lemma [3.21 we have that /(E) n g(N) — 0. In order to 
prove Ite m | (2)| (a) | we assume that / is an embedding. By Claim [2^1 in the proof of 



Theorem 12. II we have that F is a diffeomorphism onto its image F(E) = S e . Since 
cxp^ is a diffeomorphism we have that the inclusion j : S e — > M is (m — n — re- 
connected. Thus by the fact that F : E — > S e is a diffeomorphism we conclude that 



(j o F) is (m — n — reconnected. By Lemma [2.U (b) the map j o F : E — > M is 
homotopic to / : E — >■ M, hence / is (m— n — reconnected. Again from Theorcm l2.ll 
we obtain that M — /(E) — A\J B (disjoint union) where the closure A is a tubular 
neighborhood of g(N) with boundary /(E), and B is an unbounded manifold with 
boundary /(E). Since /(E) and g(N) are compact we conclude that A is compact. 
Item (2)||(a) is proved. 



Let l : g(N) — » M be the inclusion map. We know that i o p is homotopic to the 
identity map on M. Thus for all i we have that /* = (l o p o /)* =(to p| Se o F)* , 
hence 

(2) {p\s c °F)i = {i)- l ofi. 



In order to prove Item p)][(b)1 we assume that m — n = 2. For i > 2 we consider 



the circle bundle S 1 — > S e — > g(N) to obtain the exact sequence 
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This implies that (p|s E )* is a monomorphism for i = 2 and an isomorphism for 
i > 3. Since F : £ — > S e is a covering map, we have that Fl : 7Tj(£) — > TVi(S e ) is 
an isomorphism for i > 2. Thus we have that (pis. ° -F 1 )* : 7i"i(E) — > TTi(g(N)) is a 
monomorphism for z = 2 and an isomorphism for i > 3. By ([2]) we conclude that /* 
is a monomorphism for i = 2 and an isomorphism for i > 3. Item |(2)]|(b) is proved 



Now we assume that m — n > 3 in order to prove Item [(3jj By Lemma 12. II (b) 
we have that j o F : E — s- M is homotopic to / : £ — > M . Since F : E — > 5 e 
is a covering map and j : S e —> M is (m — n. — reconnected we obtain from the 
equality /* = j\ o F* that /* is a monomorphism for i = 1, an isomorphism for 
2 < i < m — n — 2 and an epimorphism for z = m — n — 1. Itcm|(3)]is proved. The 



proof of Theorem 13. H is complete. □ 
Theorem 11.21 follows from the next result together with Remark 11.11 and Lemma 

i3~n 

Theorem 3.2. Let f : E m_1 — > M m be an immersion of a closed manifold E in a 
complete simply- connected Riemannian manifold M and g : N n —> M m a complete 
isometric embedding without focal points. Assume that the normal geodesies of M 
tangent to /(E) do not intersect g(N) orthogonally. Then N is compact and the 
following conclusions hold: 

(1) if m — n — 1 then E is diffeomorphic to N , f is an embedding and a 
homotopy equivalence; 

(2) if m — n > 2 then /(E) Hg(N) = 0; if m — n = 2 then tti(£) is cyclic, and 
fl : 7Ti(E) — > 7Tj(M) is a monomorphism for i — 2 and an isomorphism for 
i > 3; 

(3) if m — n > 3 then the following statements hold: 

(a) f is an [m — n — 1)- connected embedding; 

(b) E is simply- connected and diffeomorphic to the unit normal bundle Mg 

of g; 

(c) M — /(E) = AU B (disjoint union) where the closure A is a compact 
tubular neighborhood of g(N) with smooth boundary /(E), and B is an 
unbounded smooth manifold with boundary /(E). 

Proof. From Remark 11.11 we have that exp^ : Af g — ^ M is a diffeomorphism, hence 
N is simply-connected and the hypotheses of Theorem 13.11 hold. This implies that 
N is compact. 



We first assume that m — n = 1. From the proof of Item (1) of Theorem 13.11 
the map G = p o / : E — >• g(N) is a covering map. Since g(N) is simply-connected 
we conclude that G is a diffeomorphism, hence E and TV are diffeomorphic and / 



is an embedding. In particular E is simply-connected. From Item (1) of Theorem 
3.11 we have that the map fl : 7i"i(E) — > 7Tj(M) is an isomorphism for i > 2. 
Since 7Ti (E) = m (M) = we conclude from the Whitehead's Theorem that / is a 



homotopy equivalence between E and M . Item (1) is proved. 

From Theorem 13. 1[ to prove Item |(2)| we just need to prove that 7Ti(E) is cyclic 
under the condition m — n = 2. We consider the fibre bundle S 1 — > S e — > g(N) 
with the corresponding exact sequence 

Z = ir^S 1 ) -> 7ri(5 e ) -)■ 7ri(ff(iV)) = 

hence 7Ti(S' £ ) is cyclic. Since F : E — > S e is a covering map we have that F} : 



7Ti(E) — ¥ 7Ti(5 e ) is injective, hence tti(£) is cyclic. Item 1(2)1 is proved. 
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Now we assume that m — n > 3. The map F : E — > S t given by F(x) = Jf( x )(^) 
is a covering map. From the fiber bundle S k — >• S e — >■ ff(iV) with k > 2 and from the 
fact that iV is simply-connected we conclude that S e is simply-connected, hence F 
is a diffeomorphism, which implies that E is simply-connected, / is an embedding 
and E is diffeomorphic to AQ . By Item (2)|(a) of Theorem 13.11 we conclude that / 



is (m — n— l)-connected and M — /(E) = A U B (disjoint union) where the closure 
A is a compact tubular neighborhood of g(N) with boundary /(E), and B is an 
unbounded manifold with boundary /(E), which concludes the proof of Item |(3)| 
Theorem 13.21 is proved. □ 



To prove the next theorem we will need the following topological lemma. Since 
we didn't found it in the literature, we will present its simple proof for the sake of 
completeness. 

Lemma 3.3. Let M be a connected metric space, and A, B subsets of M with 
closures and boundaries connected. Assume that Af)B ^ 0, APiB ^ 0, dAndB = 0, 
A <£ B and B <£. A. Then M = int(A) U int(B), where mt(A) denotes the interior 
of A. 

Proof. By hypothesis we have that A n B ± and A n (M - B) ^ 0. By con- 
nectedness of A we conclude that A PI SB ^ 0. Since dA n = we obtain 
that 

mt{A) DdB = AndB / 0. 
Thus the set int(A) fl dB is an open and closed nonempty subset of the connected 
set dB, hence we have that Lot (A) n dB = dB. Thus we obtain that dB c int(A). 
Similarly we can prove that d A C int(S). We conclude that 

iUB = (int(A) U dA) U (int(B) U dB) c mt(A) U int(B). 

Thus we obtain that III 5 = iU B = mt(A) U int(-B). By the connectedness of 
M we conclude that M = int(A) U int(S). □ 

Theorem 11.11 follows from the next result together with Theorem B and Lemma 
13.11 Theorems 13.11 13.31 and Lemma 13.11 imply together Theorem 11.41 



Theorem 3.3. Let E be a closed manifold with finite fundamental group. Let 
f : E m_1 — > M m be an immersion in a Riemannian manifold M . Let g : N — >■ M 
be an immersion such exp 1 - : Af g — > M is a covering map. Assume that the normal 
geodesies of M tangent to /(E) do not intersect g(N) orthogonally. Then M is 
complete, N is compact with finite fundamental group and the following conditions 
hold: 

(1) if m — n = 1 then E and N have the same universal covering, and the 
homomorphism fl : 71$ (E) — > TTi(M) is a monomorphism for i = 1 and an 
isomorphism for i > 2; 

(2) if m — n > 2 then it holds that: 

(a) /(E)n<7(iV) = 0; 

(b) M is noncompact with finite fundamental group; 

(c) the homomorphism i\ : 7Ti(/(E)) — > ^(M), induced by the inclusion 
l : /(E) — > M, is surjective for 1 < i < m — n — 1; 

(d) if m — n = 2 then fl : 7rj(E) — >• m(M) is a monomorphism for i = 2 
and an isomorphism for i > 3; 

(3) if m — n > 3 then the following statements hold: 
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(a) the map f\ : 7Tj(E) — > ~Ki{M) is a monomorphism for i = 1, an isomor- 
phism for 2 < i < m — n — 2 and an epimorphism for i = m — n — 1; 

(b) if f is an embedding then fl : 7Ti(E) — > 7Ti(Af) is surjective and this, 



together with Item (a) above, implies that f is (m — n — l)-connected. 



Proof. We first prove that M is complete, and N is compact with finite fundamental 
group. 



(3) 



' M = J\f s 




In fact, let /i : TV — > N be the universal covering and consider the map g = go 
For z G N and z = fi(z), set W z = (dg z (T z N)) x and W z = {dg~ z {T~ z N))^ . Since 
dg z = dg^z-yd/iz and dfi z is an isomorphism we obtain that dgz(T z N) = dg z (T z N), 
hence W z = W z . Since N s = {(S,v) | z e N, V G W^} andA/" g = {(z,w) | z G N, v G 
M 7 ^}, we conclude that <p : Afg — > Af g given by <fl(z, v) = v) is a covering map. 

The manifold M = JVg is simply-connected since it is strongly deformation retracted 
to N x {0}. Thus P — exp^ oip : M — > M is the universal covering of M. Consider 
on M and on N the induced metrics by P and /i, respectively. 

Set g : N -> M given by g(z) = (z,0). Notice that (Pog)(z) = exp^-(^(z,0)) = 
exp^-(z,0) = g(z) — (g o /i)(z) = g(z), hence g is a lifting of g and g. Set 7 : 

[0, +00) — > M given by j(t) — (z,tv), where v G Wz — W z . Set 7 = P o 7. 
Notice that 7(f) = exp^ tv) = exp^ (z, to), hence 7 is the geodesic on M with 

7(0) = g(z) and 7'(0) = v. Furthermore we have that P(N x {0}) = exp^ ((J,(N) x 
{0}) = g(N). Since 7 = P o 7 is orthogonal to g(N) and P is a local isometry, we 
have that 7 is a geodesic on M which is orthogonal to N x {0}. Set w = 7'(0). 
We have v = j'(0) = dP(f i0 )7'(0) = dP^^jW. Then it holds that exp^-(z, w) — 
7(1) = (z,v) = {z,dP(z,o)W), hence exp~~ is bijective. Since by hypothesis exp 1 - is 
a covering map, we have that g is free of focal points, hence by induced metrics we 
obtain that g is also free of focal points. Thus the map exp^- : JVg M is a local 
diffcomorphism. Since it is also bijective we conclude that expJ- is a diffeomorphism. 

Consider the universal covering v : S — > E with induced metric. The map / 
admits a lifting / : S — > M. Since S is compact with finite fundamental group we 
have that E is compact. Since we are using induced metrics we have that normal 
geodesies tangent to /(E) do not intersect g(N) orthogonally. Since exp~- : Af§ — > M 
is a diffeomorphism, Theorem 13.11 applies for / : E —> M and g : N — > M . Thus 
we obtain that M is complete and N is compact. In particular Theorem 13.21 also 
applies for / : E — >■ M and g : N — > M . Furthermore, since P and ji are locally 
isometric covering maps we conclude that M is complete and N is compact with 
finite fundamental group. 
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Now we will prove that /* is a monomorphism if to — ri ^ 2. This will prove 
part of Items (1) and (3)|(a) Under this condition Theorem 13.21 savs that / is an 
embedding. We take a continuous closed curve a : [0, 1] — > £ such that (3 = f o a 
is trivial on tti(M). Let a : [0,1] — > £ be a lifting of a. Consider the curve 
P = f o a : [0, 1] -» M. Notice that Po ( 3 = (Fo/)ofi = /o( i /o5) = /oa = ( 3, 
hence /3 is a lifting of /3. Since /3 is trivial on iri(M) it follows that (3 : [0, 1] — ► A/ 
is a closed curve. From the equality /3 = / o a and the fact that / is injective we 
easily see that a is a closed curve, hence a is trivial on 7Ti(£). This implies that fl 
is a monomorphism. 

1. By Theorem |3j 



To complete the proof of Item (1) we assume that to — n 
we obtain that £ is diffeomorphic to N, and / is a homotopy equivalence. Thus £ 
and N have the same universal covering and /* : 7Tj(£) — > TTi(M) is an isomorphism 
for all i. Since P and v are covering maps and P o / = f o v we conclude that 
/* : 7Ti(£) — > iri(M) is an isomorphism for all i > 2. Item (1) is proved. 

Now we complete the proof of Item (3)|(a) Assume that to — n 
Theorem 13.21 we have that / is (to — n — l)-connected. In particular it holds that 
fl : 7Tj(£) — > ni(M) is an isomorphism for 2 < i < m — n — 2 and an epimorphism 
for i = m — n — 1. We use again the equality P o f = / o ^ to conclude that 
/* : 7Tj(£) — > TTj(M) is an isomorphism for 2 < i < m — n — 2 and an epimorphism 
for i = to — n — 1 . Item (3)|(a) is proved. 



> 3. By 



Item (2)|(a) follows directly from Lemma I3~2"l Item (2)||(d) follows from Item |(2) 
of Theorem 13.21 together with the equality P o / = / o v. Item (3)|(b) will follow 
from Item (2)||(c) together with the assumption that / is an embedding. Thus to 
prove Theorem 13.31 it remains only to prove Items (2)|(b) and (2)|(c 



From now on we assume that m — n > 2. We will first prove Item |(2)fl(b) 
Consider any liftings / : £ — >• M and g : £ — » M of / and g, respectively. Since we 
are using induced metrics on M and N we have that g is an isometric immersion 
free of focal points. We already proved that M is complete and N is compact, hence 
we conclude by Remark 1 1.1 1 that expJ- : TVg — > M is a diffeomorphism. Thus for any 
x G M — g(N) there exists a unique normal geodesic ^ x — 7^ : [0, 00) — > M that 
starts orthogonally from g(N) with jxid-x) — x, where d x is the distance between 
x and g{N). Let S e = S e ,g C M be the boundary of the e-tubular neighborhood 
of g(N). Since is, P, fi are locally isometric covering maps we have that the normal 
geodesies tangent to /(£) do not intersect g(N) orthogonally. Again by Lemma 
[321 we have that /(£) n g(N) = 0. By Lemma |2~TI the map F : £ -> S t given by 
F(p) — 7/( p )( e ) is a local diffeomorphism. Since £ is compact and S e is connected 
we have that F is a covering map. Thus, for all z £ S e , the geodesic ^ z ever 
intersects /(£) and this occurs finitely many times. Let be the time of the first 
contact and T Z: g the time of the last contact between j z and /(£). 

We claim that T Zt9 and t z ^ g depend continuously on z £ S e . In fact, since F is 
a covering map, for any zq € S e , there exists a neighborhood V C S e of zq such 
that is a disjoint union of open sets Ui, ■ ■ ■ Uk satisfying that, for all j, the 

restriction F\jj j — > V is a diffeomorphism, hence f\u } is an embedding and, for any 
z e V, the geodesic j z intersects transversely f(Uj) at a unique point 7z(sj(z)). 
By transversality we know that Sj : V — > (0, +00) is a smooth function. Thus the 
maps z G V 1— > T Zt g and z£^4 t z _ g are, respectively, maximum and minimum of 
smooth functions, hence we have that T z , g and t z>g depend continuously on z. 



18 



SERGIO MENDONQA AND HEUDSON MIRANDOLA 



Define the sets 

W f<s = {7«,«(*) | z € S e and < t < T z ,§}, 



and 



/,9 



= {j z ,g(t) I 2 G S e and < £ < 



Since expJ- is a diffeomorphism, and T Z: g and t z j depend continuously on z we eas- 
ily see that Wi - and i/jj> . are tubular neighborhoods of g(N) with C°-boundaries 
d(Wf -) and d{wj ~), respectively, which clearly are contained in /(E). By defini- 
tion of Wf - it is easy to see that /(E) C Wf ~. 

Fix liftings / : E — s- M and g ; N ^ M of f and g, respectively. We claim that 

(4) g(JV) C W^ )5 , for any lifting g : N -> M of 5 . 

To prove this, assume by contradiction that g(iV) ^ 3 , for some lifting g. By 
Item [(2)] of Theorem [321 we have that /(E) n g(N) = 0, hence <9(W^ -) n fif(iV) = 
0. Thus the connectedness of g(iV) implies that g{N) C M — ~ . To get a 
contradiction we first will prove that d(wj .) C S(W/g). To see this we take a 
point x G 9(wj .). Set z = 7 !Ci j(e) and ry = ^ = 7 z ,g. By definition of u>^ we 
have that x = rj(t z ^). Notice that d(wf .) C /(E) C W 7 /^, hence a; = T){t Ztg ) G 
- and 77(0) G g(N) C M — W 7 ^ - and thus must exists t G [0, 7j z ^] such that 
77(^0) G <9(Wj? 3 ). From the fact that d{Wj.) C /(E) and the definition of t z<g 
we have that »7([0, (~l dWj ~ C f7([°i n /(E) = 0, hence we obtain that 
to = tz,g an d x G <9(Wj -). Thus we proved that d(wj .) C -). Notice that 

d(wj .) and d(Wi g) are connected closed C°-manifolds with the same dimension 
m — 1. Thus from the inclusion d(wj .) C d(Wj - ) we obtain that 

(5) 5( W/> .) = 
We assert that 

(6) kt(u» 7i j) C M - W lg . 

In fact, assume by contradiction that there exists z G mt(wz •) O Wz -. We also 

_ t>9' J<9 

have that g(N) C mt(wf.) (1 (M — Wi ~). Thus the connectedness of mt{Wf .) 
implies that int(?ijy .) (ld(Wj-) ^ 0, which contradicts ([5]). Thus, using (|6]), we 
obtain that 

(7) int(t/; / -.)nmt(W / ~ § ) = 0. 

Thus ([5]) and (0 imply together that (wy ^ U W 7 /^) is an m-dimensional closed 
C°-manifold. We conclude that wj Wj - = M, which contradicts the fact that 
M is noncompact. This proves (@|. 

Now we will prove Item (2)|(b) Fix q G N and q G /i _1 ({g}) C JV. By using 
the Fundamental Lifting Theorem we obtain that 

P^({9(q)}) = {9(g) I .9 : N -> M is a lifting of 3 } C W /iS . 
From the compactness of Wjg and the fact that P~ 1 ({g(q)}) is a discrete set we 
conclude that the set -P~ 1 ({<j(<?)}) is finite, hence M has finite fundamental group 
and must be noncompact, since M is noncompact. Item (2)|(b) is proved. 
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Now we will prove Item p)|(c)| Fix liftings / : E -> M and g : N -> M of / 
and g, respectively. Fix 2 < i < m — n — 1 and a point z £ e?(W?=). Consider 
a continuous map tp : S l —> M with 0(p) = P(z) for some point p e S". We 
need to prove that there exists a homotopy ipt with ipt{p) = P(z) for all t S [0, 1], 
ipo = ip and ipi(S l ) c /(E). Since i > 2 there exists a lifting : S* 1 — ► M of -0 with 
ip(p) = z. Since <9(Wj -) is the boundary of a tubular neighborhood of g(N) we have 
that the inclusion map j : d(Wj - ) — > M is (m — n — l)-connected. Thus ip admits a 
homotopy tp t with tpt(p) = z for all t £ [0, 1], -00 = and 0i(5' 1 ) C c?(Wj -). Thus 
t/> t = P o ^ t is the desired homotopy, since P(a(W / - f )) C P(/(E)) = /(E). 

Thus it remains to prove that the inclusion map u : /(E) — > M satisfies that l\ 
is surjective. For this it suffices to prove that P _1 (/(E)) is connected. Consider 
the group Aut(P) of the automorphisms a : M —> M of the covering map P : 
M — > A/. Since we are using induced metrics we have that a is an isometry for any 
a G Aut(P). By the Fundamental Lifting Theorem we have that 

P- 1 (/(E))= |J (ao/)(E). 
aeAut(P) 

Thus to prove that P _1 (/(E)) is connected it suffices to show that 

/(E) n (a o /)(E) ^ 0, for any a £ Aut(P), 
which will follow from the next assertion: 

(8) d(W fi9 ) n d(W [aofUao ~ g) ) 0, for any a £ Aut(P). 

We assume by contradiction that assertion ((8]) is false. Then there exists a £ 
Aut(P) such that d(Wj - )n9(W / y .) = where / = aof and g — aog. Since / and 

g are lifting maps of / and g, respectively, we have by ((4]) that g(N) C Wj - fl .. 
Since g and Wj . are compact submanifolds with connected boundaries and 
M is noncompact it follows from Lemma 13.31 that either Wj - C Wj g or Wi • C 
Wf - . Assume without loss of the generality that Wj - C Wi • . Thus the fact 
that d(Wf 9 ) n d(Wj .) = implies that C int'(Ws .), hence the volume 

vol(W f s ) < voMl / 

Since a is an isometry it is easy to see that 

(9) a (Wf, S ) = W {aoMao - g) = W lg . 

Thus we have that vol(Wf~) — vol(W^ .). This contradiction concludes the proof 
of Item (2)| (c) Theorem 13.31 is proved. □ 

4. Examples 

Let p : M — > N be a vector bundle, where V x denotes the fiber over x. It is 
well known that there exists a smooth map x G N t— > ( , ) , where ( , ) is an inner 
product on V x . This map is usually called a fiber metric of p. 

Proposition 4.1. Let p : M m — > N n be a vector bundle over the manifold N 
and let V x denote the fiber over x. Fix a smooth fiber metric x £ N (->• (, ) , 
where (,} x is an inner product on V x . Let S x C V x be the unit sphere centered at 
the origin and set Si — U xi =nS x . Then there exists a Riemannian metric on the 
total space M such that the hypersurface Si is totally geodesic and the null section 



20 



SERGIO MENDONQA AND HEUDSON MIRANDOLA 



g : N — > Nq = g(N) C M satisfies that exp^ : Af g — > M is a diffeomorphism, hence 
g is free of focal points. If further N is compact then M is complete. 

Proof. It is well known and easy to see that there exists a smooth distribution z G 
M i y H z C T Z M where H z is an n-dimensional linear subspace which is transversal 
to the submanifold V p r z -\ at z and has the property that H g ( y ) = T g r y ^No for all 
y £ N. Fix z £ M and set p(z) = x. We have a decomposition T Z M = H Z ®T Z (V X ). 
Given X £ T Z M we write X = X H + X v with X H £ H z and X v £ T Z (V X ). Given 
X £ T Z (V X ), there exists a unique K Z (X) £ V x such that X = f t \ t=Q (z + tK z (X)). 
It is easy to see that dp z \ „ : H z —> T X N and K z : T Z {V X ) — >• V x are isomorphisms. 
Fix any Riemannian metric ujn on TV. We define on M the Sasaki type Riemannian 
metric ui± (compare with [So] ) by the equality 

(10) wi (X, Y) = Lu N (d Pz (X H ), d Pz (Y H )) + (K z (X v ), K z {Y v )) x , 

for any X, Y £ T Z M. 

Since H g / X \ — T g / x \No for all x £ N we conclude that TVo = g(N) is orthogonal 
to the submanifold V x . Thus we have that 

•Mfl = N g , Ul = {{x,v) \x£N, v£ (T g(x) /V ) x } = {{x,v) \ x£N, v£ T g(x) V x }. 

Thus we have a natural diffeomorphism ip : Af g — > M given by f{x, v) — K g r x \(v). 
In fact, it is easy to sec that the inverse map satisfies ip^ 1 (z) = {p{z), (K g ( P ( z )))~ l {%)) 
The map ip is in fact an isomorphism between vector bundles. 

We claim that Si — <p(JVg), where Af* is the unit normal bundle of g. In fact, 
by using (|10p . we obtain the following equivalences: 

x £ N, v £ T g ( x )V x and u)±(v,v) = 1 
(x, v) £ M g and (K g ^{v), K g{x ){v)) x = 1 
{x, v) £ M g and (tp(x, v),<p(x, v)) x = 1 
(x, v) £ N g and <p(x, v) £ S x 
(x, v) £ Afg and (p(x, v) £ S\ 
(x,v) £ (^ _1 (5i). 

We conclude that Afg — </3 _1 ( l Si), hence S\ = <p(Afg). Our claim is proved. 

In fact it can be proved that the normal exponential map exp^- Wi : Af g —> M, 
associated with the map g and the metric u\, coincides with the diffeomorphism ip. 
This can be done by making computations similar to those for the Sasaki metrics in 
TN and Af g (see |Do| . [GKj . [BY]). To avoid these computations we will complete 
the proof of Proposition ^. II without using this fact. We will just consider on M the 
metric ui^ induced by the diffeomorphism ip from the Sasaki metric on Af g (see [BY]). 
Consider the geodesic 7 : [0, +00) — > N g given by j(t) = (x, tv). It is well known 
that 7'(0) is orthogonal to TV x {0} with respect to the Sasaki metric. This implies 
that the map 7 = tp o 7 is an W2-geodesic which is u^-orthogonal to (p(N x {0}) = 
K g (pf)(Q) — g(N) = N . Thus we have that exp x U2 (x, tv) — j{t) = (p(x,tv), hence 
exp-g 1 UJ2 = tp, hence exp^- W2 is a diffeomorphism and even an isometric isomorphism 
between the vector bundles Af g and M . For this metric it is easy to see that the 
normal bundle Af g< u> 2 coincides with Af g and it holds that 



{x,v) £ Ng 



(11) 



ex Vg,u, 2 ( X ' tV ) = V{x,tv) = tK g{x) (v). 
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We set: 

S r = expj j0J2 ({(x,v) eN g I wi(v,v) = r 2 }), 
B r = exp^ 2 ({(x,w) eAfg | wi(«,t;) < r 2 }). 

Since exp^- W2 : Af g — > M is a diffeomorphism, it is easy to see that a geodesic 
7 : R — > M satisfies 

7 is u>2 — orthogonal to iVo 7 is ^2 — orthogonal to S r for some r > 

(12) <^=> 7 is — orthogonal to 5,- for any r > 0. 

With respect to the metric W2 , by using (|12|) it is easy to see that if <j\ , 02 are 
geodesies orthogonal to S\ then they may be denned on all R (since they are 
reparameterizations of geodesies orthogonal to g(N)) and we also have that either 

(13) cri (R) = cr 2 (R), 01 (R) n cr 2 (M) = or CTl (R) n ct 2 (R) = {4 C N . 

Thus we conclude from (fT3|) that M — A*o is an open tubular neighborhood of Si 
in the general sense of Definition 11.11 More precisely, if we consider the inclusion 
map 1 : <Si — > M we have that 

exp^ 2 \ w : W —> M - N 

is a diffeomorphism, where W = {(z,tu(z)) G J\f L:Ld2 | i 6 (— 1, +00)} and 2/(2) G 
T Z M is the W2-unitary vector orthogonal to Si which points outwards the set B±. 

For < s < 1, let U 3 = U s ^ 2 denote an open s-tubular neighborhood of Si 
with respect to the metric L02 ■ From (fT2j) and the facts that exp^- W2 Af g — )• M and 
ex Pt L ^ 2 lw : ^ ~~ ^ M — No are diffeomorphisms it is easy to see that 

(14) dU s =5 X _ S U«S 1+S for all < s < 1. 

Now we begin the construction of a metric on M such that Si becomes totally 
geodesic. We consider on Af LyUl2 the Sasaki metric and introduce on M — No the 
metric 0J3 induced by the diffeomorphism exp ( 1 tJ2 L. Notice that <Si is a totally 
geodesic hypersurface of M — No if we consider the metric LJ3. Furthermore we have 
trivially that, for any < s < 1 it holds that 

(15) U S = U S , U2 = U S , U3 . 

Fix < 8 < e < 1. We consider a smooth bump function £ : M [0, 1] such that 
((z) = 1 on Us and £(#) = outside U t . We define on M the metric 

(16) W = (l-C)w 2 + Cw 3 . 

Thus the hypersurface Si is totally geodesic relatively to the metric u. Furthermore, 
take an W2-geodesic 7 which starts from Nq orthogonally with respect to u>2- By 
(p~2|) we see that 7 is W2-orthogonal to 1S1 , hence it is also (^-orthogonal to Si and 
it holds that w 2 (7'(i), Y(t)) = 1^3(7' (f), 7' (t)), since the Sasaki metric W3 preserves 
orthogonality and length on radial directions. By (fT6|) we conclude that 

(17) «(</(*), y w) = ^2(7' (*), y w) = w 3 (Y(t), yw). 

Our goal now is to prove that exp^- u : Af g — > M is a diffeomorphism (in particular 
g : N — > {M,uS) will be free of focal points). For this it suffices to show that 
(p = cxp^ u . From the construction of the metric cj it follows that if iOi(v, v) < 1 — e 
then it holds that ip(x,v) = exp^ ul (x, v). Thus we just need to show that for all 
(x, v) G Afg — (Nx {0}) it holds that the curve 7 = 7^ „ : [0, +00) -> V x C M given 
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by lit) — ip(x,tv) is an w-geodesic (we already know that 7 is an w 2 -geodesic by 

muo. 

We fix an W2-geodesic 7 = j x ,v as above with u^^u) = 1. We know that 
7l(o,+oo) is an w 3 -geodesic. By (fT4|) . (|T5|) and ([To]) we just need to prove that 
7l([i-£, i-<5]u[i+<5, i+e]) i s an w-geodesic. We will prove that 7|[i+j 1 i+ e ] is an u- 
geodesic, since the other case is similar. Fix t G [1 + 6, 1 + e]. By the Gauss 
Lemma we have that 

(18) w 3 ( 7 / (*),»7)=0 l6T 7(f) 5 f . 

Set t = 1 + s with 5 < s < e. From the Gauss Lemma, we obtain from (|14l) and 
(fT5l) that 

(19) w 3 (7 / (*),»7)=0 T 1 eT j(t) (dU s , U3 )=T l(t) (S^ s LlS 1+s ) 

= T 7 ( t -)(S2-t U S t ) = T 7 ( t )S t . 
Thus from (JIBJ), (HU) and dHJ) it holds that if 77 € ^(tjSt then u(y(t),r)) = 0. 
Thus we have the inclusion T 7 ( t )S t C fit = {v G T 7 ( t )M | uj(j'(t),r]) = 0} between 
(to — l)-dimensional linear spaces, which implies that fit = T 7 ( t )St, hence it holds 
that 

(20) w(Y (i), 77) = w 2 (7'(i)^) = ^3(7' («), »7) = 0- 

Now we are in condition to prove that 7 is an w-geodesic at t G [1 + 8, 1 + e]. On a 
small neighborhood of 7(7;) we consider the smooth cj-unitary vector field X given 
by the equation X(j yiU (s)) = 7y ]U (s) with u)2{u,u) — 1 and y in a neighborhood 
of x G N. Note that (JTTJl implies that 

(21) u{X,X) = u 2 {X,X) = us[X i X) = \. 

Let V, V 2 and V 3 denote, respectively, the Levi-Civita connections associated to 
(j, UJ2 and U3, respectively. Since tj(X, X) = 1 we have that w (V^l, X) = 0. Thus 
we only need to prove that u (Vjl, 77) = at l(t), for any r] G fit- Fix 770 G fit 
and extend it to a smooth vector field r\ on a neighborhood of j{t). From (f2"T|) we 
have that 

(22) n(u{X, X)) = vi^iX, X)) = ri(u 3 (X, X)) = 0. 

Thus by using the Koszul formula and the fact that 7"| [i+<5,i+ e ] is a geodesic with 
respect to 102 and W3 we have that 

(23) = LJ2(y 2 x X,v) =X(u; 2 (X,ri))-U2i[X,r)],X), 

(24) = oj 3 (V x X, V ) =X(u 3 (X, n))-u 3 ([X, rj\, X) . 

By using the Koszul Formula, it follows from JT5]), ®, (JUJ), (glj that: 

(25) u(V x X,r,) = X(w(X,ri))-u([X,Tj\,X) 

= X{(l-Owa(X,»0 + Cw3 (*,»?)} 
- (l-C)^([X,77],X)-Cw3([^ ! r?] ! X) 

= X(C){^ 3 (^^)-^(X,r7)} 

+ (1-C){X(^2 MM,*)} 

+ C{-X"(W3(-X:,»7))-W3([JC,»/],X)} 

= X{0{^iX^)~U2{X, V )} 

= 0. 
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We conclude that 7 is an cj-geodesic, hence <p — exp^ w and therefore the map 
exp^ u : Af g — > M is a diffeomorphism. 

Finally, if we have the additional hypothesis that N is compact, we obtain from 
Corollary 13.21 that M is complete. Proposition 14. 1 1 is proved. □ 



Corollary 4.1. Let M,N be Riemannian manifolds and g : N — » M an immer- 
sion such that exp^ : Af g — ► M is a diffeomorphism. Then there exists a Rie- 
mannian metric to on M such that expj- w : A/" g — > M is a diffeomorphism and 
Si = exp- L (A/" g 1 ) C M is totally geodesic. 

Proof. Let 1 : N — > A/" 9 be the embedding given by (-(a;) = (x, 0). Apply Proposition 
14.11 to Af g and obtain a metric u>i on A/" s such that exp^ uli : Af,, — > Af g is a diffeo- 
morphism and Afg becomes totally geodesic. Now we just introduce the metric on 
M induced by the diffeomorphism exp^ : Afg — > M. Corollary 14. II is proved. □ 

Proposition 4.2. Take B = (R k ,ds 2 ) and ds 2 = dr 2 + cr 2 (r)d9 2 being the metric 
introduced in Example \ l-4\ Let S = S k ~ 1 C B be the totally geodesic unit sphere 
and N' any manifold. Consider a warped product M = B X p N' and assume that 
the gradient (S7 p)\$ is tangent to S. Then the inclusion maps: f : S = SxN' — > M 
and g : N = {0} x N' — > M have the properties that f is totally geodesic and that 
the normal exponential map exp^ : Afg — > M is a diffeomorphism, hence g is free 
of focal points. 

Proof. We recall some notations and facts about warped products. For a positive 
smooth function p : B — > (0, 00), the warped product M = B x p N' is the product 
manifold B x N' with the metric 

(26) (Z, W) = d S 2 (dTr B (Z),dTr B (W)) + (po7r B ) 2 (d7r N ,(Z), dn N ,{W)) N ,, 

where ttb, ttn 1 are the canonical projections of B x TV' onto its corresponding factors 
and ( , )jv is the metric of TV'. 

Consider the decomposition TM = V(B) © V(N'), where V(B) and V(N') are 
the subbundles of TM given by the distributions corresponding to the product 
foliations determined by B and TV', respectively. For tangent vector fields X on B 
and Y on N' there exist unique lifts X h £ V(B) and Y v € V{N') satisfying that 
dn B (X h ) = X and dn N ,(Y v ) = Y. For tangent vector fields X on B and Y on N', 
the Levi-Civita connection V of the warped product M = B x „ N' is related to the 
Levi-Civita connections V s and V* of its corresponding factors by the following 
equations (see [O'N] ): 

(i) W x uX h = (vf x) h - 

(ii) V x hY v = V Y vX h = ds 2 (X,r])Y v ; 

(iii) v y .r u = -(Y,Y) N , V h + (y$'Y 

where r\ = V(logp) and V is the gradient on B. 

By (|26|) the horizontal fibres B x = B x {x} C M with the induced metric are 



isometric to B. By (i) above the fibers B x are totally geodesic submanifolds of M. 
We know that the exponential map exp : TqB — >■ B is a diffeomorphism, hence 
exp : T( x jB x — > B x is also a diffeomorphism for all x. Furthermore by (|26[) we have 
that B x is orthogonal to N = {0} x N', hence exp -1 : Af g — )• M is a diffeomorphism. 
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We claim that the inclusion map /:E = 5x7V'— s>Mis totally geodesic. In 
fact let r : B — > [0, +00) be the distance function from the origin. Set /x = (Vr) h . 
We know that = ds 2 (\7r,Vr) = 1. Since Vr is B-orthogonal to S we have 

that n is orthogonal to S x {x} for any x G N'. We also have that ft = (Vr)' 1 is 
orthogonal to {p} x N' for all p £ B, hence we obtained a unitary vector field /1 
on M - ({0} x N') which is orthogonal to E. Now fix (p, and Z e T( P ,x)^- 

We claim that there exists a local tangent vector field Z on E extending Z such 
that Z = X' 1 + Y v for some tangent vector fields X on B and y on N'. In fact, 
since E = iS x AT' we have a unique orthogonal decomposition Z = Zh + with 
Z/i G T(p ja; )(5x {x}) and Z„ € T(p ,a;)({p} x N'). Extend dmsiZh) to a tangent vector 
field X on B with the property that X\s is tangent to S and extend dTTN>(Z v ) to 
a tangent vector field F on iV'. Thus we have that Z = X h + Y v is tangent to E 
and Z(p,x) = Z. By using (I)J (ii) and (iii) above we obtain that 



(V 2 Z^) {px) = (V xh X h 1 (Vr) h ) + 2(V xh Y v AVr) h ) + (V Y ,Y\(Vr) h ) 

= ds 2 (Vf X, Vr) p + 2 ((X, r?) (Vr)' 1 ) - ((Y, Y) N , r, h , (Vr) h ) 
= ds 2 (V X X, Vr) p - (Y, Y) N , ds 2 ( V , Vr) p . 

We have that p belongs to the ds 2 -totally geodesic submanifold S C B. By con- 
struction we have that X\g is tangent to S, hence it holds that ds 2 (\7 X X, Vr) p = 0. 

Since ij\s is by hypothesis tangent to S and Vr is <is 2 -orthogonal to S we have that 
ds 2 (77, Vr) p = 0. Thus we conclude that (V^Z, M/( px ) — 0, hence / is totally 
geodesic. □ 



References 

[Bo] Bolton, J., On Riemannian manifolds without focal points. J. London Math. Soc. (2) 26 
(1982); 331 - 334. 

[BY] Borisenko, A. A., Yampol'skii, A. L., The Sasaki metric of the normal bundle of a subman- 
ifold in a Riemannian space, (Russian) Mat. Sb. (N.S.) 134(176) (1987), no. 2, 158-176, 287; 
translation in Math. USSR Sb. 62 (1989), no. 1, 157-175. 

[Do] Dombrowski, On the Geometry of the Tangent Bundle, J. Reine Angew. Math. 210 (1962), 
73-88. 

[Fr] Frankel, T., On the fundamental group of a compact minimal submanifold, Ann. Math. (2) 
83 (1966), 68-73. 

[FMR] Fang, F., Mendonca, S., Rong, X., A connectedness principle in the geometry of positive 

curvature, Comm. Anal. Geom. 13 (2005), no. 4, 671-695. 
[GK] Gudmundsson, S. and Kappos, E., On the geometry of tangent bundles. Expo. Math. 20 

(2002) , no. 1, 1-41. 

[He] Hermann, R. Focal points of closed submanifolds of Riemannian spaces, Nederl. Akad. Weten- 
sch. Proc. Ser. A 66 = Indag. Math. 25(1963), 613-628. 

[MM] Mendonca, S., Mirandola, H., Hypersurfaces whose tangent geodesies do not cover the 
ambient space, Proc. Amer. Math. Soc. 136 (2008), 1065 - 1070. 

[MZ] Mendonga, S., Zhou, D., Curvature conditions for immersions of submanifolds and applica- 
tions, Compositio Math. 137(2003), no. 2, 211 - 226. 

[O'N] O'Neill, B., Semi- Riemannian geometry. With applications to relativity, Pure and Applied 
Mathematics, 103, Academic Press Inc., [Harcourt Brace Jovanovich, Publishers], New York, 
1983. xiii+468 pp. ISBN: 0-12-526740-1. 

[So] Solorzano, P., Holonomic spaces, arXiv: 1004. 1609^1 

[Wi] Wilking, B., Torus actions on manifolds of positive sectional curvature, Acta Math. 191 

(2003) , 259-297. 



HOMOTOPY GROUPS, FOCAL POINTS AND TOTALLY GEODESIC IMMERSIONS 25 



Departamento de Analise, Instituto de Matematica, Universidade Federal Flumi- 
nensEj Niteroi, RJ, CEP 24020-140, Brasil 
E-mail address: sergiomendonca@id.uff.br 

Departamento de Metodos Matematicos, Instituto de Matematica, Universidade Fe- 
deral do Rio de Janeiro, Rio de Janeiro, RJ, CEP 21945-970, Brasil 
E-mail address: heudson0impa.br 



